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Abstract
Problem 540 of J.D. Lawson and M. Mislove in Open Problems in Topology ask whether the
process of taking (de Groot) duals terminate after finitely many steps with topologies that are duals
of each other. The question was solved in the positive by the author in 2001. In this paper we prove
a new identity for dual topologies: τd = (τ ∨ τdd)d holds for every topological space (X, τ). We
also present a solution of another problem that was open till now—we give an equivalent internal
characterization of those spaces for which τ = τdd and we also characterize the spaces satisfying the
identities τd = τddd , τ = τd and τd = τdd .
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0. Introduction and notation
The source of inspiration of the paper was the Problem 540 of Open Problems in
Topology (J. van Mill, G.M. Reed, eds., 1990) of Lawson and Mislove [5]. Recall that
the (de Groot) dual of some topology is a topology having a closed base which consists of
all sets which are compact and saturated (see below for the precise definition) with respect
to the original topology. Lawson and Mislove ask in [5] (1) whether the process of taking
duals of a topological space terminates after finitely many steps with two topologies that
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are dual to each other, and (2) which spaces can arise as duals. The complete solution of
question (1) was first presented by the author in 2001 in his oral communication at the
Prague Topological Symposium and then in electronic form [3] in the proceedings of the
conference. The paper-printed, revised and more sophisticated version [4] of the paper will
appear in Topology and Its Applications soon. The question (2), in its most general case,
still remains open.
The author proved in 2001 for any topological space (X, τ) that τdd = τdddd . Note
that for T1 spaces, for which the situation is much simpler, part (1) of Problem 540 was
actually solved by Strecker 30 years before it was formulated by Lawson and Mislove [1].
This follows simply from the fact that for T1 spaces the dual operator d coincides with
another operator studied by de Groot, Strecker and Wattel [1]. We should also mention that
for some topologies on hyperspaces (which need not be necessarily T1) the question (1)
was positively solved by B. Burdick in 2000. The dual of de Groot, Strecker and Wattel
explicitly did not contain the saturation in its definition, but implicitly did, since in T1
spaces all sets are saturated. Using this fact, the terminology was unified by Kopperman [2],
who extended the term “de Groot dual” also for the dual operator studied by Lawson and
Mislove. During the discussion of the main result in [3] the author introduced the classes
of n-generative spaces, that is, the spaces generating at most n different topologies by
iterating the process of dualization (see Section 2 for more precise definitions). However,
some proper internal characterization of these spaces was lacking. The last section of this
paper endeavours to fill up this gap. The presented internal characterization of the spaces
satisfying τ = τdd answers another open problem that was mentioned by some colleagues
during the Prague Topological Symposium in 2001.
Now, let us recall some notions. Let (X, τ) be a topological space. By the preorder of
specialization we mean a reflexive and transitive binary relation on X defined by x  y
if and only if x ∈ cl{y}. It is easy to see that this relation is antisymmetric and hence a
partial ordering if and only if X is a T0 space. We say that (X, τ) is R0 or symmetric if
the preorder of specialization is a symmetric binary relation. For any set A ⊆ X we denote
↑A = {x | x  y for some y ∈ A} and ↓A = {x | x  y for some y ∈ A}. In particular, for a
singleton x ∈ X it is clear that ↓{x} = cl{x}. A set is said to be saturated in (X, τ) if it is the
intersection of open sets. One can easily check that a set A is saturated in (X, τ) if and only
if A = ↑A, that is, if and only if the set A is closed upward with respect to the preorder of
specialization of (X, τ). As we mentioned above, by the dual topology τd for a topological
space (X, τ) we mean the topology on X generated by the compact saturated sets of (X, τ)
as a closed base for τ . This topology is also often called co-compact. Note that the dual
operator switches the preorder of specialization, that is, x  y in (X, τ) if and only if x  y
in (X, τd). Let ψ be a family of sets. We say that ψ has the finite intersection property, or
briefly, that ψ has f.i.p., if for every P1,P2, . . . ,Pk ∈ ψ it follows P1 ∩ P2 ∩ · · · ∩ Pk = ∅.
For the definition of compactness, we do not assume any separation axiom. We say that
a subset S of a topological space (X, τ) is compact if every open cover of S has a finite
subcover. Through this paper, let Φ denote a certain closed topology base of a topological
space (X, τ). It is well known that S ⊆ X is compact if and only if for every family ζ ⊆ Φ
such that the family {S} ∪ ζ has f.i.p. it follows S ∩ (⋂ ζ ) = ∅, or equivalently, if and only
if every filter base η ⊆ Φ such that every element of η meets S the filter base η has a cluster
point in S. Let Φd be the collection of all compact saturated sets in (X, τ) and hence the
M.M. Kovár / Topology and its Applications 146–147 (2005) 83–89 85
closed topology base of (X, τd). For n = 2,3 . . . , let Φn.d be the collection of all compact
saturated sets in (X, τ (n−1).d) and hence the closed topology base of (X, τn.d ).
1. The main result
We will start the section with introducing some new concepts. Let (X, τ) be a
topological space. Let Ψ ⊆ 2X. We say that the family Φ is Ψ -up-conservative (Ψ -
down-conservative, respectively) if for every A ∈ Φ and B ∈ Ψ it follows ↑(A ∩ B) ∈ Φ
(↓(A∩B) ∈ Φ , respectively). We say that Ψ is upper-closed (lower-closed, respectively) if
for every A ∈ Ψ it follows A = ↑A (A = ↓A, respectively). The family Ψ is said to be up-
compact (down-compact, respectively) if every A ∈ Ψ is compact with respect to the family
{↑{x} | x ∈ X} ({↓{x} | x ∈ X}, respectively). The family Ψ is said to be up-complete
(down-complete, respectively) if {↑{x} | x ∈ X} ⊆ Ψ ({↓{x} | x ∈ X} ⊆ Ψ , respectively).
The proof of the main result of this section uses similar, but slightly improved
construction as in [3] or [4]. We repeat all the machinery of three following lemmas
primarily because of completeness. Now the construction respects new notions of upper-
closed and down-conservative families and we will profit from them especially in the next
section. The first lemma is due to B. Burdick.
Lemma 1.1 (Burdick, 2000). Let C be compact in (X, τ) and P ∈ Φdd . Then C ∩ P is
compact in (X, τ).
Proof. Let ζ ⊆ Φ be a filter base such that its every element meets C ∩ P . Let η =
{↑(C ∩ D) | D ∈ ζ }. Then η ⊆ Φd and {P } ∪ η has f.i.p. Since P ∈ Φdd it follows
that there exists some x ∈ P ∩ (⋂η) = ∅. Hence, x ∈ P ∩ ↑(C ∩ D) for every D ∈ ζ ,
which implies that there is some t ∈ C ∩ D (depending on the choice of D) such that
x  t . Then ↓{x} ∩ C ∩ D = ∅ for every D ∈ ζ so the collection {C} ∪ ({↓{x}} ∪ ζ ) has
f.i.p. Since C is compact and ↓{x} as well as every element of ζ is closed there is some
y ∈ C ∩↓{x} ∩ (⋂ ζ ) ⊆ C ∩P ∩ (⋂ ζ ). Hence, y is a cluster point of the closed filter base
ζ in C ∩ P . 
Lemma 1.2. Let Ψ ⊆ 2X be upper-closed, Φ be Ψ -down-conservative, C ∈ Φ , ψ ⊆ Ψ
and M ∈ ψ be compact. Let {C} ∪ ψ have f.i.p. There exists ξ(M) ∈ M such that
{C} ∪ ψ ∪ {↑{ξ(M)}} has f.i.p.
Proof. We put ϕ = {↓(· · ·↓(↓(C ∩ P1) ∩ P2) · · · ∩ Pk) | P1,P2, . . . ,Pk ∈ ψ}. It follows
from Ψ -down-conservativity that ϕ ⊆ Φ and {M} ∪ ϕ has f.i.p. Since M is compact in
(X, τ), there is some ξ(M) ∈ M ∩ (⋂ϕ). Then for every P1,P2, . . . ,Pk ∈ ψ it follows
that ξ(M) ∈ ↓(· · ·↓(↓(C ∩ P1) ∩ P2) · · · ∩ Pk). Hence, there exist t1, t2, . . . , tk ∈ X
(depending on the choice of P1,P2, . . . ,Pk) such that ξ(M)  tk ∈ Pk , tk  tk−1 ∈
Pk−1, . . . , t3  t2 ∈ P2 and t2  t1 ∈ C ∩ P1. Since Ψ is upper-closed, it follows that
ξ(M) t1 ∈ C ∩ P1 ∩ P2 ∩ · · · ∩ Pk and so ↑{ξ(M)} ∩ C ∩ P1 ∩ P2 ∩ · · · ∩ Pk = ∅. Then
{C} ∪ ψ ∪ {↑{ξ(M)}} has f.i.p. 
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Lemma 1.3. Let Ψ ⊆ 2X be upper-closed and up-complete, Φ be Ψ -down-conservative,
C ∈ Φ , ψ ⊆ Ψ and let {C} ∪ ψ have f.i.p. Then for every compact M ∈ ψ there is
ξ(M) ∈ M such that {C} ∪ ψ ∪ {↑{ξ(M)} | M ∈ ψ is compact} has f.i.p.
Proof. We put σ = {M | M ∈ ψ is compact}. Let σ = {Mα | α < µ} where µ is an
ordinal number. From Lemma 1.2 it follows that there exists ξ(M0) ∈ M0 such that
{C} ∪ψ ∪{↑{ξ(M0)}} has f.i.p. Suppose that for some β < µ and every α < β there exists
ξ(Mα) ∈ Mα such that, in the notation χα = ψ ∪ {↑{ξ(Mγ )} | γ  α}, the family {C} ∪χα
has f.i.p. Let χ = ⋃α<β χα . Since Ψ is up-complete, it follows χ ⊆ Ψ . Obviously, the
family {C} ∪ χ has f.i.p. and Mβ ∈ σ is compact. Then, by Lemma 1.2, there exists
ξ(Mβ) ∈ Mβ such that {C} ∪ χ ∪ {↑{ξ(Mβ)}} has f.i.p. But χβ = χ ∪ {↑{ξ(Mβ)}} which
implies that the family {C} ∪ χβ has f.i.p. By induction, we have defined ξ(Mβ) ∈ Mβ
for every β < µ and the family {C} ∪ (⋃β<µ χβ) = {C} ∪ ψ ∪ {↑{ξ(Mβ)} | β < µ} has
f.i.p. 
Now, we are ready to prove the main result of this section.
Theorem 1.4. For every topological space (X, τ) and closed subbase Φ , Φd = (Φ ∪
Φdd)d .
Proof. Let Φ be a closed subbase for τ and denote Ψ = Φ ∪ Φdd . Then Ψ is a closed
subbase for τ ∨ τdd . Obviously, Φ ⊆ Ψ , which implies Ψ d ⊆ Φd . It follows that Ψ
is lower-closed, down-complete and by Lemma 1.1 Φd is Ψ -up-conservative. Then Ψ
is upper-closed, up-complete and Φd is Ψ -down-conservative with respect to the dual
preorder of specialization. Let C ∈ Φd and let ψ ⊆ Ψ be a family such that {C} ∪ ψ
has f.i.p. Denote ψ1 = ψ ∩ Φ and ψ2 = ψ ∩ Φdd . Every M ∈ ψ2 is compact in (X, τd)
and so it follows from Lemma 1.3 that for every M ∈ ψ2 there exists ξ(M) ∈ M such
that {C} ∪ ψ1 ∪ {↓{ξ(M)} | M ∈ ψ2} has f.i.p. But C is compact in (X, τ) and the family
ψ1 ∪ {↓{ξ(M)} | M ∈ ψ2} is closed. Hence, ∅ = C ∩ (⋂ψ1)∩ (⋂{↓{ξ(M)} | M ∈ ψ2}) ⊆
C∩ (⋂ψ). It follows that C is compact with respect to Ψ and then it is compact in τ ∨τdd .
But C is saturated in (X, τ) which is the same as C is saturated in (X, τ ∨ τdd). Therefore,
C ∈ Ψ d and we have Φd = Ψ d . 
Corollary 1.5. For every topological space (X, τ), τd = (τ ∨ τdd)d .
Corollary 1.6. For every topological space (X, τ), Φdd = Φdddd .
Proof. Obviously, Φdd ⊆ Φ ∪Φdd , so Φddd ⊇ (Φ ∪Φdd)d = Φd . Applying Theorem 1.4
again, we have Φdd = (Φd ∪ Φddd)d = Φdddd . 
Corollary 1.7. For every topological space (X, τ), τdd = τdddd .
We close this section with an open problem. The question was tested on several
examples available in the literature. However, a counterexample has not been found yet.
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Problem 1.8. Is it true that τddd = (τ ∧ τdd)d for every topological space (X, τ)?2. Classification of spaces
In [3], the following classes G1, G2 = G2a ∪ G2b , G3 = G3a ∪ G3b ∪ G3c and G4 of
topological spaces were introduced, where:
G1 =
{
(X, τ) | τd = τ},
G2a =
{
(X, τ) | τdd = τ}, G2b =
{
(X, τ) | τdd = τd},
G3a =
{
(X, τ) | τddd = τ}, G3b =
{
(X, τ) | τddd = τd},
G3c =
{
(X, τ) | τddd = τdd},
G4 =
{
(X, τ) | τdddd = τdd}= Top.
Each class Gn consists exactly of those topological spaces such that the process of
taking duals generates at most n = 1,2,3,4 different topologies while the class G4
contains all topological spaces. In this context, we say that a topological space (X, τ) is
n-generative if n = 1,2,3,4 is the least number such that (X, τ) belongs to the class Gn.
The following Hasse diagram shows the relations between the previously defined classes
Gn in the ∩-semilattice as they were derived in [3]:
G4
G3 = G3b
G2a G2b = G3c
G1 = G3a
In this section we give more detailed characterization of the classes Gn. We will start
with the following lemma.
Lemma 2.1. Let Φ be a closed subbase of (X, τ). If Φ = Φdd , then Φ is an up-compact
and Φd -down-conservative family.
Proof. Suppose that Φ = Φdd . Since {↑{x} | x ∈ X} ⊆ Φd and Φdd contains the sets
which are compact and saturated in (X, τd), it follows that every P ∈ Φdd is compact with
respect to {↑{x} | x ∈ X}, which means that Φ is up-compact. Let A ∈ Φ , C ∈ Φd and
ψ ⊆ Φd be a family such that {A ∩ C} ∪ ψ has f.i.p. Then {A} ∪ {C} ∪ ψ has f.i.p. But
A ∈ Φdd is compact in (X, τd), so (A ∩ C) ∩ (⋂ψ) = ∅. It follows that A ∩ C is also
compact in (X, τd) and so ↓(A∩C) ∈ Φdd = Φ . Hence, Φ is Φd -down-conservative. 
88 M.M. Kovár / Topology and its Applications 146–147 (2005) 83–89
Lemma 2.2. Let Φ be a closed subbase of (X, τ). If Φ is up-compact and Φd -down-
conservative, then Φ ⊆ Φdd .
Proof. Let C ∈ Φ and ψ ⊆ Φd such that {C} ∪ψ has f.i.p. Obviously, Φd is up-complete
and upper-closed and each of its elements is compact in (X, τ). It follows from Lemma
1.3 that for every M ∈ ψ there exists ξ(M) ∈ M such that {C} ∪ ψ ∪ {↑{ξ(M)} | M ∈ ψ}
has f.i.p. By the assumption, Φ is up-compact and so ∅ = C ∩ (⋂{↑{ξ(M)} | M ∈ ψ}) ⊆
C ∩ (⋂ψ). Then C is compact in (X, τd). Since C is closed, it follows C = ↓C and then
C ∈ Φdd . Hence, Φ ⊆ Φdd . 
The main theorem of the section answers a question that was mentioned to the author
as unsolved during the Ninth Prague Topological Symposium in 2001 by some colleagues
(unfortunately, the author does not know who stated the question first)—for which spaces
is it true that τ = τdd?
Theorem 2.3. Let Φ be a closed subbase of (X, τ). The following statements are
equivalent:
(i) τ = τdd (i.e., (X, τ) ∈ G2a).
(ii) τ has an up-compact and Φd -down-conservative closed subbase.
(iii) τ has a maximal up-compact and Φd -down-conservative closed subbase.
(iv) Φdd is the greatest up-compact and Φd -down-conservative closed base of τ .
Proof. Suppose (i). Then Φdd is a closed base of τdd = τ and by Corollary 1.6 we have
Φdd = (Φdd)dd . Then, by Lemma 2.1, Φdd up-compact and Φd -down-conservative. Let
Φ be another up-compact and Φd -down-conservative family, generating the same topology
τ as its closed subbase. Then, by Lemma 2.2, Φ ⊆ Φdd . Hence, Φdd is the greatest
up-compact and Φd -down-conservative closed base of (X, τ), and (iv) follows. The
implication (iv) ⇒ (iii) is clear. Now, suppose (iii). Let Φ be a maximal up-compact and
Φd -down-conservative closed base of τ . By Lemma 2.2, Φ ⊆ Φdd . But Φdd = (Φdd)dd
by Corollary 1.6, so by Lemma 2.1, Φdd is an up-compact and Φd -down-conservative
family. Since Φ is a maximal family with this property, we have Φ = Φdd , which implies
(i). Further, it is clear that (iii) implies (ii). Suppose (ii) and let Φ be an up-compact and
Φd -down-conservative closed subbase of τ . LetP be a chain of up-compact and Φd -down-
conservative closed subbases of τ , linearly ordered by the inclusion. We put Ψ =⋃Υ ∈P Υ .
Let A ∈ Ψ . There is some Υ ∈ P such that A ∈ Υ . Since Υ is up-compact and Φd -down-
conservative, it follows that A is compact with respect to the family {↑{x} | x ∈ X} and
for every C ∈ Φd it follows that ↓(A ∩ C) ∈ Υ ⊆ Ψ . Hence, Ψ is also an up-compact
and Φd -down-conservative closed subbase of τ which is an upper bound of the chain P .
By Zorn’s Lemma, there is some maximal up-compact and Φd -down-conservative closed
subbase of τ . Property (iii) follows. 
Corollary 2.4. For every topological space (X, τ), τd = τddd (i.e., (X, τ) ∈ G3b = G3) if
and only if τd has a down-compact and Φdd -up-conservative closed subbase.
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Proposition 2.5. Let τm.d = τ (m+2k+1).d and m = 1,2, . . . , k = 0,1, . . . for a topological
space (X, τ). Then (X, τ) is R0.
Proof. Let x ∈ X. Then ↓{x} = clτ {x} and ↑{x} = clτ d{x}. Since τm.d = τ (m+2k+1).d it
follows that ↑{x} = ↓{x}. Then for every y ∈ X it follows x  y if and only if y  x .
Hence, (X, τ) is R0. 
Proposition 2.6. Let (X, τ) be R0. Then the family Φdd is closed under arbitrary
intersections.
Proof. Let ψ ⊆ Φdd and suppose that P0 = ⋂ψ = ∅. Let ϕ ⊆ Φd be a family such
that the family {P0} ∪ ϕ has f.i.p. We put χ = {↑(C ∩ P) | C ∈ ϕ, P ∈ ψ}. It follows
from Lemma 1.1 that χ ⊆ Φd and, for given P1 ∈ ψ , the family {P1} ∪ χ has f.i.p.
Since P1 ∈ Φdd , there is some x ∈ P1 ∩ (⋂χ) ⊆ ⋂χ . Then, for every C ∈ ϕ and
P ∈ ψ we have x ∈ ↑(C ∩ P) ⊆ ↑C = C and, since (X, τd) is R0, it also follows that
x ∈ ↓(C ∩ P) ⊆ ↓P = P . Hence, x ∈ P0 ∩ (⋂ϕ). It follows that P0 is compact in
(X, τd). But P0 is a lower-closed set since it is an intersection of lower-closed sets. Hence,
P0 ∈ Φdd . 
Theorem 2.7. For every topological space (X, τ), τ = τd (i.e., (X, τ) ∈ G1) if and only if
the closed sets coincide with compact saturated sets.
Proof. Suppose that τ = τd . Then every compact saturated set is closed and so every
intersection of compact saturated sets is closed as an intersection of closed sets, compact
as a closed subspace of a compact space and saturated as an intersection of saturated and
hence upper-closed sets. Hence, every closed set is an element of Φd , so Φd is exactly the
family of all closed sets. Conversely, if Φd coincides with the family of all closed sets, then
the topologies τ and τd have the same closed base and, consequently, they coincide. 
Corollary 2.8. For every topological space (X, τ), τd = τdd (i.e., (X, τ) ∈ G2b = G3c) if
and only if the closed sets in (X, τd) coincide with the compact saturated sets in (X, τd).
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